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Abstract. In this paper we investigate the minimum number of maximal 
subgroups Hi, i = 1 . . . k of the symmetric group S n (or the alternating group 
A n ) such that each element in the group Sn (respectively An) lies in some 
conjugate of one of the Hi. We prove that this number lies between a<f)(n) 
and bn for certain constants a, b, where 4>(n) is the Euler phi-function, and we 
show that the number depends on the arithmetical complexity of n. Moreover 
in the case where n is divisible by at most two primes, we obtain an upper 
bound of 2 + <f>(n)/2, and we determine the exact value for S n when n is odd 
and for A„ when n is even. 
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Let G be a finite group. A covering of 67 is a set of proper subgroups of G, called 
components, whose union is 67. The smallest integer m such that G has a covering 
of cardinality m is denoted ct(67), and was introduced by J. H. E. Cohn |COj . A 
covering of cardinality c(G) is called a minimal covering. 

In [MA] . A. Maroti found "exact or asymptotic formulas" for a(S n ) and a(A n ) 
and, for example, proved that a(S n ) = 2 n ~ 1 for odd n ^ 9. In many cases the 
minimal coverings which realize cr(G) are sets of conjugacy classes of subgroups. 
For instance, this is the case when G — S n for odd integers n^9 and when G = A n 
for even integers n not divisible by 4. In this paper we study coverings which are 
unions of conjugacy classes of subgroups with a view to minimising the number of 
classes involved. Part of our motivation comes from a number theoretic application 
which we discuss in Subsection 11.11 

We define a normal covering for a finite group G as a covering which is invariant 
under 67-conjugation. Such a covering may be viewed as a generalization of the 
notion of a normal partition of a group introduced by R. Baer [B] . If Hi, ... , Hk 
are pairwise non-conjugate proper subgroups of G such that 



then we call the Hi basic components of the corresponding normal covering £ = 
{Hf 1 1 < i < k,g G 67}, and we say that S = {Hi, . . . , Hk} is a basic set for 67 which 
generates S. The smallest size of a basic set is denoted 7(67), a normal covering 
with 7(6*) basic components is called a minimal normal covering, and a basic set 
of size 7(6*) is called a minimal basic set of G. 

A finite group admits a normal covering if and only if it is non-cyclic. Moreover, 
for a non-cyclic group G, the set of all maximal subgroups of G forms a normal 



1. Introduction 




1=1 ggG 



2 



D. BUBBOLONI AND C.E. PRAEGER 



covering; it is well known that 7(G) > 2, and this lower bound can be attained 
(see |BBH| ). while if G is abelian then 7(G) = o~(G) > 3. We can always replace a 
normal covering by one with the same number of basic components in which each 
basic component is a maximal subgroup. 

In this paper we investigate 7(G) where G is the symmetric or alternating group 
acting on the set O = {1, . . . , n}. As well as proving upper and lower bounds for 
7(G) for all values of n, we construct some remarkable minimal normal coverings. 
Our main results are given in Subsection 11.21 

In [BBHj . the first author showed that 7(5*„) = 2 if and only if 3 < n < 6 and 
observed that with a more tedious subcases analysis it is proved also that 7(A„) = 2 
if and only if 4 < n < 8. Details for this last result can be found in [BUj . 

Some of the ideas in MA arc of interest for us, but our methods are different 
from those in [MAj . Consider for example the case of 57. This group has no normal 
covering with only two basic components, but admits a normal covering with basic 
set 

5 = {S 2 xS 5 , S3 x £4, AGL 1 (7) = C 7 x G 6 } 
consisting of maximal subgroups (for it is easily checked that each type of permu- 
tation is present in at least one component). Thus 7(67) = 3 and 5 generates a 
minimal normal covering of S7. On the other hand, this normal covering has car- 
dinality 120, which is greater than o^SV) = 2 6 , so as a covering it is not minimal. 
On the other hand, a minimal covering A of Si is given by the four subgroups 

S 2 xS 5 , S 3 xS 4 , S 6 , A 7 

together with all their conjugates in SV, so that cr(SV) is realizable through a normal 
covering with four basic components. Thus, even if a minimal covering is normal, 
it is not necessarily a minimal normal covering; and a minimal normal covering is 
not necessarily a minimal covering. 

1.1. An application in Galois theory. It is worth noting that normal coverings 
shed light on some questions from number theory. Let f(x) £ Z[x] be a polynomial 
which has a root modp, for all primes p and consider its Galois group over the 
rationals G = Galq(f) acting on the set fi of roots of /. Let fi{x), . . . , fk(x) € Z[x] 
be the distinct irreducible factors of f(x) over Q, and suppose that no fi is linear. 
Choose a root u>i of fi for every i = 1, . . . , k, and consider the stabilizer G Ui of LOi 
in G. Then by [BBJ Theorem 2], 

G= U U G &, 

geGi=l 

and since G Ui < G (as no fi is linear), we obtain a normal covering for G with k 
basic components. It follows that k > 7(G). In other words, for a polynomial f(x) 
which has a root modp, for all primes p, but no root in Q, the number of basic 
components in a minimal normal covering of its Galois group is a lower bound 
for the number of distinct irreducible factors of f(x) over Q. In this context the 
significance of our results relies on the fact that the most common Galois groups 
are the symmetric and alternating groups (see |WA] ) . In general when a normal 
covering for a group G is known we may ask if G is the Galois group (over the 
rationals) of a polynomial which has a root modp, for all p and which splits into 
7(G) distinct irreducible factors. This variant of the inverse problem in Galois 
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theory has been studied by J. Sonn in jSOj . Recently D. Rabayev and J. Sonn |RS] 
proved that the minimal normal coverings of size 2 of A n and S n , in [BBHj and 
}BUj . all lead to realizations of these groups as Galois groups. 



1.2. Main results. First we state our general upper bounds. These are proved 
with more detailed information in Proposition 14.21 and Proposition 17.11 

Theorem A. For G = S n or A n with n > 4, 

{[^i^J if G = S n or A n with n even 
2=± ifG = S n with n odd 
[n±3 J if g = A n with n odd. 

Next we give our general lower bounds. The statement uses the function </>(/; n), 
for an interval I C [0,n], which is defined as the number of positive integers i € I 
such that (i,n) — 1 (see Lemma [2.3p . We also use the notation / ~ g to denote 
that '/ is asymptotic to g' (see vi) in Section [2]). These lower bounds follow from 
the results proved in Propositions 15.31 16.21 and Corollary 16.31 with reference to 
[BBHllBU] for n < 8. 

Theorem B. Let n > 5. Then for G — A n , or for G = S n with n odd, 

=j-^ + 1 if G = S n with n odd and composite, 
or G — A n with n even and n =^ 8 
7(G) > < if G — S n with n prime, or G = Ag 

if G — A n with n odd and n =/= 2 e + 1 



(»)+2 



4 

while for S n with n even 



4 V Ji « Wat/I « iu "u-". ,v j- ~ 

if G = A n with n = 2 e + 1 for some e 



/Q n ^ <t>{I{n);n) 4>{n) 

7(AiJ > T\ r 1 - 



c(n) c{n)d(n) 
where I(n),c(n),d(ri) are as in one of the lines of Table [TJ 



n even 


I(n) 


c(n) 


d(n) 


3 | n 




2 


3 


n = 3 or 6 (mod 9) 




1 


9 


9 | n 


r n n\ 
hs> fi ^ 


1 


9 



Table 1. Interval J(n) and constants c(n),d(n) for Theorem B 



We note that these two theorems show that there is a function f(n), namely 
the minimum of the various functions occurring in Theorems A and B, such that 
f(n) ~ 4>(n), and such that 

f(n) , „ . n — 1 , fin) , . . n + 3 

^<7(Sn)<^-, and < 7 (A n ) < — . 

Then, since lim 4>{n) = +00, we see that the gamma functions are unbounded. 

n— >-+oo 

Moreover, surprisingly, also the difference between 7(S , n ) and "f(A n ) is unbounded 
(see Corollary ITU). 



4 



D. BUBBOLONI AND C.E. PRAEGER 



Corollary C. (a): lim j{S n ) = lim j(A n ) = +00. 

In particular, for any k € N with k > 2, and G = S n , A n , the equation 
7(G) = k has only a finite number of solutions. 
(b): limsup [j(S n ) ~ l(A n )} = +00. 

n— >+og 

Finally we summarise our results giving considerable improvements to the general 
upper bounds, and in many cases exact values, for the 7-function when n has 
at most two prime divisors. These results follow from Proposition 17.11 (for S p ), 
Proposition l7.5l ffor n = p a > p 2 ) , Proposition l7.6l ffor n — pq), and Proposition l7.8l 

Theorem D. Let p,q be primes such that 2 < p < q, let a,f3 be positive integers, 
let n and S(n) satisfy one of the lines of Table® and let G — A n or S n . Then 

7(G )<M + *(n) 
and equality holds for G — S n with n odd, and for G — A n with n even. 



n 


S(n) 


Conditions on p, a, /3, G 


P 





P >5, G = S P 


}>" 


1 


p odd, a > 2, G = S pa ; p = 2, a > 4 


pq 


1 




p a qP 


2 


a + /3>3, a > 1, P>1 



Table 2. Values of n and 6(n) for Theorem D. 



Propositions 17. ll and 17. 5l also give the same upper bounds for "f(A n ) as for j(S n ), 
in the case where n = p a > p is odd. However in these cases the upper bounds are 
weaker than the general upper bounds in Theorem A, so we do not include them 
in the statement of Theorem D. For the other odd values of n, namely if n = p a q" 
is odd with both a > l,/3 > 1, then the upper bound for "f{A n ) given by Theorem 
D is better when p a = 3 (for any q@) and, for example, when n = 35, and in most 
other cases Theorem A gives a better upper bound. 

These results, together with explicit additional information in BBH, BU (for 
n < 8), Examples 16.41 [7771 Lemma [TTBl and Corollary 17. 101 give the exact values of 
the 7-function for small n, summarised in Table [3J 



n 


3 4 


5 


6 


7 


8 9 


10 


11 


12 


l{Sn) 


2 2 


2 


2 


3 


3 4 


3 


5 


4 


l(An) 


- 2 


2 


2 


2 


2 3 


3 


4 


4 



Table 3. Values of 7 (<SV l ) and 7 (A„) for small n. 
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In particular, we observe that j(S„) is not strictly increasing with n: 

7 (S 9 ) = 4 > 7 (5io) - 3. 

Moreover j(S n ) can "jump": 

7(^10) = 3, j(Sn) = 5. 

Many aspects of the behavior of the 7-functions remain obscure. It would be 
good to know, for example, the exact value of "j(A p ) for primes p. We do not know 
whether or not 7(SVi) and "f(A n ) are surjective or if there exists n £ N such that 

7(S»)<7(0- 



2. Number theoretic preliminaries 

Here we present some results from number theory which will be used to prove the 
asymptotic estimates for 7(5 n ) and j(A n ). For these topics the general reference is 
the book of H. Shapiro [SH . We recall the essential definitions and properties for 
the convenience of the reader. We are indebted to F. Luca for most of the ideas of 
the proof of Lemma 12.31 

As usual, we denote by: 

i) (a, b) the greatest common divisor of the integers a and b; 

ii) <j> : N* — > N* the Euler function given by 

cj){n) — \{k E N : (fc,n) = 1, 1 < k < n}\ 

where N denotes the set of non- negative integers and N* = N \ {0}; 

iii) v : N* — > N the function which gives the number of distinct prime divisors 
of n. We need the following fact: 

(1) \{d £ N : d I n, d square free}| = 2 l/( " ) . 

iv) n : N* -> {-1,0, 1} the Mobius function given by = 1 and 

{0 if n is not square free 

(—iy(n) if n i s square free 

We will use the relation 

< 2 > i><«>={; s;:i 

d\n *• 

and also the link between the Euler function and the Mobius function given 

by 



(3) 



E 

d\n 



(j,(d) 4>{n) 



For /, g real functions defined over an upper unbounded domain, we write: 
f( x ) 

v ) / ~ 9 if li m — ; — r = 1, and in this case we say that "/ is asymptotic to 

i->+oc g[x) 

5"- 

Lemma 2.1. For any a G [0, 1), lim — — — — = 0. 

n->+oo <p(n) 
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Proof. In [SHI p. 347] wc find 

log n 



log(log n) 

where C4 > is a constant and on |SH( p. 341] we find 

<P(n) > c- — j- 

log(log n) 

for all n > 3, where c > is a constant. It follows that 

2"(">n° ^ log(log n) + 
4>{n) c 

and with the substitution m = log(log n), it is immediately seen that for a € [0, 1), 

log(log n) n lo s( l °s n) 
tends to when n goes to +00, for any constant c\ > 0. 

□ 

Lemma 2.2. If fi ~ gi, f2 ~ 32 <wirf 2/ £fte Zzraii lim — exists and is not equal 
to -1, i/iera /1 + / 2 - 51 + 32- 

Proof. Set £ := lima-^+oo |i and note that £ 7^ — 1. Now 
/1 + /2 h 1 , /a 1 



.91+52 91 1 + 52/31 .92 1 + 31/32 
and since by assumption the limits, as x — > +00, of — , — , , . 1 -, — , , , 1 , — all exist 

J f > 91 ' 52 ' 1+S2/91 ' l+gi/92 

and are finite, it follows that lim. c _ i . +00 exists and is equal to 

( lim f —) l — + ( lim ^) • — !-; = 1 

and hence /1 + / 2 - 31 + 32- □ 

Lemma 2.3. Let n 6 N* and let < x < y < n with x, y € R. For any interval I 
with extremes x and y, define 

4>{I;n) = \{i e N* : i e 7, (i,n) = 1}|. 

T7ien 

|0(/;n)-^(y-x)|<2^)+ 1 

71 

wzi/i as m Hi) above. Moreover, if y — x ~ en' 5 /or some /3 G (0, 1] and c > 0, 

(j)\Tli\ 

then (p(I; n) ~ (y — x). 

n 

Proof. The relation [2] implies that 

tf';»)=E E /*(<*) = £M«0 E l 

ie/ d|(n,i) d|n • e 1 

d I i 



Now 



i e 1 

d j i 
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for some 5d € {—1, 1, 0} and < 6 n ,d < 1. Thus, by the equality [U we get 
0(7; n) = £ M (d)!^ + £ M (d)(fc-0 M ) 

d | n d\n 
= ^-^-(U — X)+ ^ fi(d)(5d - 0n,d)- 

n z — ' 

d I n 
d square free 

It follows, by the equation [3l that 

W\n)-—ty-x)\< E \Sd\ + \0 n ,d\< 72 2 = yW+ 1 . 
n z — ' ^— ' 

d | n d | ra 

d square free d square free 

If y — x ~ for some /3 € (0, 1] and c > 0, then 
0(7; n) 



< 



(n)(y-x) <j>(n) y-x 



2 K«)+i n i-/9 n /3 
By Lemma [2.1[ lim — — = and, by assumption, lim = 1/c, 

?i— >+oo <p(n) n— > + oo n — X 

2"(") + l n l-/3 „/3 0( n ) 

so that lim -7—: = and therefore cf>(I;n) ~ (w — 2). □ 

0(nJ y — x n 



71— > + 00 



We close this section with some arithmetical lemmas. 

Lemma 2.4. Let n £ N wii/i n odd and n > 3, and /ei p 6e its smallest prime 
divisor. 

(a) : If n is not a prime, the square of a prime or the product of twin primes, 
then p < \fn — 1 ; 

(b) : If n is a prime, the square of a prime or the product of twin primes, then 
p > \/n — 1. 

Proof. Assertion (b) is obvious. To prove (a), let n be odd and p its smallest prime 
divisor, so p > 3. Assume that n ^ p,p 2 and if p + 2 is prime assume also that 
n p(p + 2). Let m := n/p so m > 1 and m is odd. Then m > p by the minimality 
of p and since n ^ p 2 . If to = p + 2 then by assumption m is not prime, but then 
m > q 2 where q is the least prime dividing to, and q > p. Thus n > p 3 and so 
p < n 1 / 3 < n 1 / 2 — 1. Thus we may assume that m > p + 2, and hence m > p + 4 
since m is odd. It follows that y/n > \Jp{p + 4) > p + 1. □ 



The next lemma is an adaptation of Theorem 3.7A.2 in [SHj . which makes also 
use of the following result. 

Theorem 2.5. (3.7A.1 in |SH| ) If n £ N and n > 30, i/ien i/iere exisis meN, not 
a prime, such that 1 < m < n and (m, n) = 1. 

For each n £ N* we set 

(4) 7 J (n) := {1 € N* : x is a prime and x \ n}, and p (n) := min P(n). 

Lemma 2.6. 7e£ neN wrai/i 4 | n and let p° =p°(n) as in 7/n > 16, 11^ 24, 
i/ien p° < -y/n — 1. 
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Proof. Let n £ N with 4 | n. Then p° > 3. Assume first n > 60; then n/2 > 30 
and by Theorem 12. 5[ there exists a minimal s £ N with 1 < s < n/2, (s,n/2) = 1 
and s not a prime. Since any proper divisor of s is coprime with n/2 and lies in 
the same interval (1, n/2), the minimality of s implies that any proper divisor of s 
is a prime, that is, s is a product of two primes. If s = pq with q > p then s > p 2 . 
Thus 1 < p 2 < s < n/2 and, since p \ s, we get also (p 2 ,n/2) = 1, contradicting 
the minimality of s. It follows that s — p 2 for some prime p. Since 4 divides n, the 
condition (s, = 1 is equivalent to (s, n) = 1. Hence p \ n and thus p > p°. So 
we have j > s = p 2 > (p ) 2 , and hence p° < \/n/2 < ^/n, — 1. 

The cases 16 < n < 60 are easily checked by hand and, with the single exception 
of n = 24, we find that the inequality p° < y/n — 1 holds. □ 

Note that the inequality p° < \fn — 1 is sharp, for example, for n = 36. 
For each n £ N* define 

(5) X(n) :={i£f : x\ n}, and a(n) := min X(n). 

Observe that in general a(n) ^ p°(n) : for example, a(6) = 4 < p°(6) = 5. Note also 
that a{n) = 2 if and only if n is odd and a(n) = 3 if and only if n is even and not 
divisible by 3. We summarise various properties of a(n) in the following lemma. 

Lemma 2.7. For any n £ N* : 

(a) : a(n) < p°(n); 

(b) : a(n) = p°(n) if and only if a(n) is a prime; 

(c) : a(n) = p a for some prime p and a £ N, such that (n, a(n)) = p a ~ l . 

Proof, (a), (b) Clearly X(n) contains the set P(n) defined in and thus a(n) < 
p°(n). If a(n) is prime, then a(n) £ P(n), which gives a(n) > p°(n) and thus 
a(n) = p°(n). 

(c) Suppose that a(n) is not a prime power. Then, for each prime p dividing 
a(n), the p-part p k of a(n) is less than a(n), and hence does not lie in X{n). Thus 
p k \n, and since this holds for all primes p dividing a(n), it follows that a(n) divides 
n, which is a contradiction. 

Thus a{n) = p a for some p prime and a £ N. Since p Q_1 < a(n), we have that 
p a ~ l divides n and hence divides (n,a(n)). On the other hand, (n,a(n)) divides 
a(n) — p a , and since a(n) \ n, it follows that (n,a{n)) = p a ~ x . □ 

The eventuality a = a(n) prime is a very common feature: for n < 100, a(n) is 
prime unless n £ {6,18,30,54,66,78,90}, in which cases a(n) = 4. On the other 
hand it is easy to construct examples of natural numbers n for which a(n) is any 
given prime power. For instance a(3 ■ 5 • 7 • 8) = 9. 

3. Group theoretic preliminaries 

3.1. Conjugacy and cycle type. If a £ S n decomposes as a product of r disjoint 
cycles of lengths . . ,l r , with each £j > 1, we say that a is of type L = [£i, . . . ,£ r ]. 
Recall that two permutations in S n are conjugate if and only if they are of the same 
type. Thus 

S — {Hi < S n : i — 1 . . .k} is a basic set for S n if and only if the Hi are 
pairwise non-conjugate proper subgroups of S n and, for each type L for 
permutations in S n , some Hi contains a permutation of type L. 
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For o~ £ A n of type L = [ii, . . . , £ r ], the 5 n -conjugacy class a Sn of a is either an 
A„-conjugacy class or a union of two A„-classes, say a Sn — a An Ucr^™ . In the latter 
case we say that a, its class a Sn , and its type L are split. This happens if and only 
if Cs n (cr) < A n , which in turn holds if and only if the are pairwise distinct odd 
positive integers. If the SVi -conjugacy class of a G A n does not split we can trivially 
write again a Sn — cr An U a An with a\ = <t 2 = o~. Now 

S = {Hi < A n : i = 1 . . . k} is a basic set for A n if and only if the Hi are 
pairwise non-conjugate proper subgroups of A n and, for each type L for 
permutations in A n , a representative of each A n -conjugacy class of type L 
lies in some Hi (possibly different Hi for different classes). 

The next lemma gives sufficient conditions to guarantee that a subgroup H which 
meets a split a Sn contains elements from both ^4„-classes. For a subgroup H of S n 
let H A - = {H x : x G A n } and H s ™ = {H x : x G S n }. 

Lemma 3.1. Let H < S n . Then 

(a) : H A " = i? s " if and only if N Sn (H) £ A n 

(b) : If K is a maximal subgroup of S n , K =/= A n , and if H = K (1 A ni then 
N Sn (H)£A n . 

(c) : If H < A n contains a permutation of split type L and Ns n (H) j£ A n , 
then H contains elements from both A n -classes corresponding to L. 

Proof, (a) Under the conjugation action of S n on the set H n , H ™ is the orbit 
containing H of the subgroup A n ; and the stabilizer of H in A n is Na„(H). Thus 
\H A -\ = \A n : N An {H)\ while |S„ : N Sn (H)\ = \H s -\. If N Sn {H) £ A n we have 
A„Ns n (H) > A n and hence S n = A„N Sn (H). In this case \A n : N An (H)\ = 
\A n : A n n N S „(H)\ = \S n : N Sn {H)\. On the other hand, if N Sn {H) < A n , then 
N Sn (H) = Na„ (H), and \S n : N Sn (H)\ = 2\A n : N An (H)\ ? \A n : N An (H)\. 

(b) Let A n ^ K < ■ S n and H — K n A n . By maximality K ^ A n . Since H is 
normal in fsT, we have N Sn (H) > K and thus N Sn (H) ^ A n . 

(c) Let H < A n with N Sn (H) % A n , so by part (a), H A " = H Sn . Suppose that 
a G H is of split type and let <r Sn = a An U a An with o~\, o~2 not conjugate in A n . 
We may assume that a = u\ € H . If x G S n is such that erf = 02 then, since 
H An — H Sn , we have 02 G H x = H a for some a G A n , and hence G H. Thus 
H intersects both a An and a An . □ 

We will write \l\ , . . . , £ r ] G H, for some H < S n , to signify that some permutation 
of type [ti, .. . ,£ r ] belongs to the subgroup H. 

Our strategy for obtaining lower bounds for the numbers 7(G) with G = S n , A n 
is usually the following: we consider a family J- of types of permutations with 
\J- \ = m, and identify all the maximal subgroups containing a permutation of one 
of these types. If each of the maximal subgroups that arise contains at most k types 
of permutations in J 7 , then 7(G) > m/k. 

3.2. Primitive and imprimitive subgroups. A transitive H < S n is primitive 
if the only iJ-invariant partitions of Q — {1, ... ,71} are the trivial ones with parts 
of size 1, or with one part; H is imprimitive if it is not primitive. The parts of an 
i?-invariant partition are called blocks for H. Most permutation group concepts 
we use are standard and can be found in any of [CA1 IDM1 IWIj . 
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When dealing with transitive maximal subgroups, we divide our analysis into the 
imprimitive and primitive cases. We state here some results which can be applied 
to get control of both kinds of transitive subgroups. For a £ S n we denote by 
supp(o~) the set of points moved by er, called the support of a. Proof of the first 
result is straightforward and is omitted. 

Lemma 3.2. Let G < S n be an imprimitive group with set B of blocks, and let 
a G G be the product of disjoint cycles 71, . . . , j r . Let 

Bfoi] = {BeB : BD «upp(7() + 0}, 

the set of blocks that meet the support 0/7,-. Then: 

(a) : % i ]n%] = orB[ 7i ]=B{ 7j ]; 

(b) : 1} Bi, B 2 <= B[ji] then \B^ n supp(-fi)\ = \B 2 n supp(ji)\. 

If A C and H < S n , we denote by £f(A) the pointwise stabilizer of A and by 
if A the setwise stabilizer of A. We will apply several times a well known result on 
the transitive action of a stabilizer in a primitive group, and a classic old result by 
Marggraf. 

Lemma 3.3. |WI| Theorem 13.5] Let H < S n be a primitive group and let -ff(A) 
be transitive on — A = T. If 2 < \T\ < n/2, then H = S n or H = A n . 

Lemma 3.4. |WI| Theorem 13.8] A primitive group of degree n, which contains a 
cycle of degree to with 1 < m < n, is (n — m + l)-fold transitive. 

To deal with n-cycles we need a deeper result, relying on the classification of 
finite simple groups. Collecting results by Burnside, Galois, Ritt, Schur and Feit 
(as done in [J]) together with Q] Corollary 2], it can be stated as follows. 

Lemma 3.5. Let H < S n be a primitive group containing an n-cycle. 

(a) : If H is simply transitive or solvable, then H < AGL\{p) with n = p a 
prime, or H — S4 with n = 4. 

(b) : If H is nonsolvable and doubly transitive, then one of the following holds. 

(i) : H — S n for some n > 5, or H = A n for some odd n > 5; 

(ii) : PGLd{q) < H < PTLd(q), acting on n = (q d — l)/(q — 1) points or 
hyperplanes; 

(iii) : H = PSI^ll), M\\ or M23 with n = 11, 11 or 23 respectively. 

If G < S n and g € G, then the degree of g on f2 is the number of points moved 
by g, that is to say, the size of supp(g). The minimum degree of G, denoted by 
/i(G), is the minimum degree of a nontrivial element in G. Results on minimum 
degrees can be useful for identifying primitive permutation groups. 

Lemma 3.6. |LS[ Theorem 2 and Corollary 3] Let G < S n be primitive, with 
G A n . Then fi(G) > 2(y/n — 1). Moreover if G is 2-transitive then n(G) > ?i/3. 

Now we state a useful lemma which ensures control of the primitive subgroups 
containing certain types of permutations. When we write [to, . . . , to, k] as a type 
for permutations in S n , for distinct positive integers to, k, we mean that m \ (n—k) 
and permutations with this type have cycles of length to and one cycle of 
length k. 
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Lemma 3.7. (a): Let n G N, n where n is odd, not a prime, the square of a 

prime or the product of twin primes. If p is the smallest prime divisor of 
n, then no primitive proper subgroup of S n contains a permutation of type 
[p,... ,p,2p\. 

(b) : Let n > 10 be even with A\n. Then no primitive proper subgroup of A n 
contains a permutation of type [2, . . . , 2, 4]. 

(c) : Let n > 12 be even with 4 | n. Then no primitive proper subgroup of A n 
contains a permutation of type [2, . . . , 2, 6]. 

Proof, (a) Let n be odd and not a prime, the square of a prime or the product 
of twin primes. Let p be the smallest prime divisor of n, so p > 3. Note that 
necessarily n > 21. Let H < S n be primitive and a € H a permutation of type 
[p, . . . ,p, 2p\. Since a is an odd permutation, H A n , as otherwise H = S n . 
Now H contains also o~ p , a permutation of type [1, . . . , 1, 2, . . . , 2] which moves 2p 
points. Thus /i(-ff) < 2p. Since by Theorem l3.6[ p,(H) > 2(y / n— 1), it follows that 
p > \fn — 1 contradicting Lemma 12.41 

(b) Let n > 10 be even with 4 \ n and H < A n primitive with [2, . . . , 2, 4] e H. 
Then H contains also a permutation of type [1, . . . , 1, 2, 2] and, as in part (a) we 
get 4 > 2(y / n— 1), which gives n < 9, a contradiction. 

(c) If n — 12 the only primitive proper subgroup of A\2 is M12 which does not 
contain permutations of type [2,2,2,6] (see |WAT] ). So suppose that n > 16 is 
even with 4 | n, and that H < A n is primitive with [2,..., 2, 6] € H. Then H 
contains also a permutation of type [1, . . . , 1, 3, 3] and, arguing as before, we get 
6 > 2(y/n — 1), which gives n < 16, contrary to our assumption. □ 

3.3. Projective linear groups. In order to get new exact values for the gamma 
function when the degree is the product of at most two prime numbers, we need to 
characterise the projective linear groups containing (n — l)-cycles. 

Lemma 3.8. Let H be a group such that PSLd(q) < H < PTLd(q), with d > 2, 
acting on the set Qofn= (q d — l)/(q— 1) points or hyperplanes. Then H contains 
an (n—l)-cycle if and only if d = 2 and either q is a prime or (q, H) = (4, PLL2(4)). 

Proof. If d = 2 and q is a prime, then n = q + 1 and PSL2{q), and hence also H, 
contains a g-cycle. Also if H = PrL2(4) = S5, then G contains a 4-cycle. Suppose 
conversely that H is as in the statement and that H contains an (n — l)-cycle g. 
Let p be the prime dividing q, and let a G f2 be the point fixed by g. Suppose first 
that d = 2. Then H a is a soluble primitive permutation group on 17 \ {a} of degree 
n — 1 containing an (n — l)-cycle. Hence by Lemma 13.51 either q is prime or q = 4 
and H a = S4. In the latter case, H = PrL2(4). 

Thus we may assume that d > 3. Then the set of lines containing a (with a 
removed from each) forms a set S of blocks of imprimitivity for H a in Q \ {a}, 
each of size q. The permutation group L = induced by H a on E satisfies 
PGLd~i(q) < L < PYLd-i{q) and L contains an ^^--cycle g s (induced by g). By 
[Jj Corollary 2], either (g s ) is a Singer subgroup of PGLd-i(q), or (d— 1, q) = (2, 8). 

Now (g) induces a transitive abelian subrgoup on S. Hence (<? s ) is regular, 
and so g^^^/i fixes each of the lines through a setwise, and has order q. The 
subgroup of PYLd(q) a fixing all these lines setwise is an extension of an elementary 
abelian group N of order q d ~ x by a cyclic group of order q — 1. Since gt™ -1 )/'? is 
a p-element it follows that g^^ 1 )/ 1 ? g N, and since c^™ -1 )/ 1 ? has order q while N 
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has exponent p, it follows that q — p is prime. Thus (<? s ) is a Singer subgroup 

of PGLd-i{q). It follows that (g), acting by conjugation on N, is fixed point 

free. However this contradicts the fact that g centralises the non-identity element 
g (n-\)/q of N _ □ 

4. Basic facts on normal coverings 

In this brief section we establish a link between j(S n ) and ^f(A n ) and derive 
upper bounds for j(S n ) and j(A n ). 

Lemma 4.1. Any normal covering of S n with maximal components all different 
from A n defines, by intersection, a normal covering of A n . In particular ifj(S n ) is 
realized by a normal covering in which all basic components are maximal subgroups 
and none equals A n , then ^(A n ) < j(S n ). 

Proof. Let 5 = {Hi, . . . , H k } be a basic set for S n with Hi maximal in S n and 
Hi j^z A n for any i = 1, . . . , k. Then, by Lemma 13.1 f a) and (b), 

k k k 

A n = A n n[ |J \jHf] = |J (jKnff,;]^ |J \J[A n nHi}s 

g eS n i=l g£S n i=l g£A n i=l 

which means that Sa„ = {A n n H\, . . . , A n n Hk} generates a normal covering for 
A n . □ 

Sometimes we use the previous Lemma with no explicit reference. Here we apply 
it and Lemma [3Tl to obtain upper bounds for 7(A n ) for any n and for 7(SVi) in the 
case when n is not prime. The symmetric case for n prime is completely determined 
in Proposition [73] 

Proposition 4.2. (a): Let n G N be composite, and let p be the least prime 

divisor of n. Then 



1 + f( 1 -^)^ Ii 7 i if n is odd 
L=±4J if n is even 



and the set 

6(A) = {A, S k x S n _ k : 1 < k < n/2, p\k} 

for A :— S p l S n / V and for A := S n / p I S p , is a basic set for S„ 
(b): Let n > 4. Then 



l(An) < 



L^J if n is odd 



L^^J n * s even - 

If n is even, the set 5(A) defines a basic set for A n by intersection, for each 
A, while if n is odd then, for any maximal subgroup K of S n containing an 
n-cycle and not equal to A n (such K exist), the set 

8(K) = {KC\A n , [S k x 5„_ fc ] nA n : 1 < k < [n/3j} 

is a basic set for A n . 
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Proof, (a) Both A := S p I S n / p and A' := S n / p I S p are maximal subgroups of S n . 
For 1 < k < n/2 with k coprime to p, let Bk '■= Sk x S n -u- To prove that both 
5(A) and S(A') are basic sets for S n , we note first that each n-cycle lies in some 
conjugate of A and in some conjugate of A'. Next, the type [k, n — k] E Bk if p \ k, 
and [k, n — k] E A, A' otherwise. Now consider a type L = [ii,. , .,£ r ] with r > 3 
and 53[=i — n - ^ each ii is divisible by p then L E A and L E A'. So assume 
that there exists ij with p \ ij- Ii ij < n/2 then Z, G Bi . If > n/2 then, since 
7- > 3 all the other entries are less than n/2; since p \ n, there exists one of them ii 
such that p\ii and thus L E B u . Thus j(S n ) < \S(A)\ = \S(A')\. 

The set U := {k : 1 < k < n/2, p \ k} is in one-to-one correspondence with 
U' := {k : n/2 < k < n, p \ k}, and the sets U and V are disjoint. The set of all 
integers less than n and coprime to p is equal to U U V unless p — 2 and 4 j n, in 
which case it is U U U' U {n/2}. Thus if either n is odd or n is divisible by 4, wc 
have 



(b) By Lemma [4.11 if n is composite, then each of 5(A) and 5 (A') defines by 
intersection a normal covering of A n and hence also j(A n ) < \5(A)\. All assertions 
are now proved if n is even, so assume that n is odd and n > 5. Then A n does 
not contain permutations of type [k, n — k] for any k. Moreover the n-cycles of A n 
split into two ^4„-conjugacy classes and we claim that all n-cycles can be covered 
by a single basic component. There exists a maximal subgroup K of S n such that 
K 7^ A n and K contains an n-cycle: if n is prime, take K = AGLi(n) and if n 
is composite, take K — S q l S n / q , for any prime divisor q of n. Then, by Lemma 
13.11 (b) and (c) , H = K (1 A n < A n contains elements from both the ^4 n -classes of 
n-cycles. This proves the claim. All other types occurring in A n have at least three 
entries and hence are covered by some subgroup [St x S„-t] fl i„ where k is an 
integer with 1 < k < n/3. Thus ^(An) < L 22 ^] • We note that in general, if n is 
composite, then this upper bound is better than the upper bound since for 

p odd we have l + ^^l — > ^^jp, with equality if and only if the smallest prime 
dividing n is p = 3. □ 

5. 2-CYCLE DECOMPOSITIONS AND INTRANSITIVE COMPONENTS. 

In this section we consider permutations o~k E S n , n > 5 of type [k,n — k] with 
k belonging to 




which is if n is divisible by 4 (since then p = 2), and at most 1L ^- if n is odd 
(since then n/p > 3). On the other hand if n = 2 (mod 4), then 



1^)1=1 + 1^1 = 1+^= ^ 



(6) U n = {k E N : (k, n) — 1, 2 < k < n/2}. 

Lemma 5.1. The set of types 



U n = {[k,n-k] : k E U n } 
is in one-to-one correspondence withlA n , and \lA n \ = — 1. 
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Proof. If distinct k\,ki € U n correspond to equal types [fci,n — hi], [k2,n — k2], 
then k\ = n — k2, which cannot happen since fci < n/2 while n — fc2 > n/2. To find 
\U n \, we consider the sets 

U\ = {k G N : (fc, n) = 1, 1 < k < n/2} 
Ul = {fceN : (fc,n) = l, n/2<k<n-l}. 

Since (n — x, n) = (x, n), the map / : U\ — > U\ defined by f(x) — n — x is a bijection 
between and . Moreover W^flW^ = and 

U = {fc e N : (fc, n) = 1, 1 < fc < n}. 
Thus Ki| = |^| = M an d \U n \ = |^| - 1 = ^ - 1. 

□ 

The (Tfc typically lie in Sk X S^-fc and we will show that, with one exception in 
the even case, Sk x S n -k is the only maximal subgroup which can contain Ofc. 

Lemma 5.2. Let a/- eS„,n>5 be a permutation of type [k, n — k] G U n and H a 
maximal subgroup of G — S n or A n containing o~k- Then we have the following: 

(a) : if n is odd then G = S n and H — Sk x S n -k', 

(b) : if n is even and G — S n , then H — Sk X S n -k or H = A n ; 

(c) : if n is even and G = A n , then H — [Sk x S n -k] H A n . 

In particular any basic set for G = S n , with n odd, contains properly 

{Sk x S n —k '■ 

and any basic set for G = A n with n even, contains properly 
{[S k x S n - k ]nA n : keU n }. 



Proof. If n is odd then Ok is an odd permutation and hence G = S n in this case. 
If H is intransitive then, up to conjugacy, H = [Sk x S n -k] H G. 

Assume now that H is transitive. Suppose first that H is imprimitive preserving 
a partition with m > 2 blocks of size b > 2, where n ~ bm. By Lemma 13.21 each 
of the two cycles of meets either the same set of blocks or two disjoint sets of 
blocks. Hence m (fc, n — k) — 1 or b | (fc,ri — fc) = 1 respectively, which is a 
contradiction. Thus H is primitive on f2 = {1, . . . , n}, and we may assume that 

o-k = (l,...,fc)(fc + l,...,n) e H. 

Consider the partition O = T U A, where T — {1, . . . , fc} and A = {k + 1, . . . , n}. 
Since (fc, n) = 1, we have that <r^ _fc is a fc-cycle in H. This implies that the pointwise 
stabilizer #(a) of A in H is transitive on T, with 1 < |T| = fc < n/2 = |f2|/2. Thus 
Lemma 13.31 applies giving, in the case n even, H = A n and G = S n as in (b), and 
in case n odd a contradiction. Parts (a) - (c) are now proved. 

Since the only intransitive maximal subgroup of G containing o~k is, up to con- 
jugacy, H = [Sk x S n -k] n G, it follows that all the components [Sk x S^-fc] n G 
with fc € W n are mandatory for G — S n if n is odd and for G = A n if n is even. 
Since none of these groups contains an n-cycle or an (n — l)-cycle, there must be 
an additional component in either of these cases. □ 

Proposition 5.3. (a): If n > 5 is odd then j(S n ) > <fi(n)/2, and if in addi- 

tion n is not a prime, then j(S n ) > 1 + 4>{n)/2. 



COVERING SYMMETRIC ALTERNATING 



15 



(b): If n > 4 is even and n ^ 8, then "f(A n ) > 1 + <j){n)/2. 

Proof. If cither G = S n with n odd, or G = A n with n even, then it follows 
from Lemma [5.21 that 7(G) > 1 + \U n \ with U n as in ([6]). Thus by Lemma f5.1[ 
7(G) > <j>(n)/2. We need a little more than this. 

Suppose that G = S n with n odd and not a prime, and let 8 be a basic set 
generating a minimal normal covering of G. By Lemma 15 .21 8 D {Sfe x S n —k '■ 
k £ Un}. Suppose that 8 contains a single additional subgroup, M say. Then 
M must contain permutations of each type not occurring in {Sk x S^-fe : k £ 
In particular M contains at least one permutation of each of the following 
types: [n], [1, n — 1] and [£1, . . . , l r \, with p | £i for each i = 1, . . . ,r and r > 2, 
where p is the smallest prime dividing n. In particular M is 2-transitive and 
contains a permutation of type [p, . . . ,p, 2p] . An element of the latter type is an 
odd permutation and so M ^ A n . Thus, by Lemma [3751 PGLd(q) < M < PTLd{q) 
on the set f2 of n = (q d — l)/(q—l) points or hyperplanes, and since M contains an 
(n — l)-cycle it follows from Lemma 13.81 that d = 2 and q is prime. Thus n = q+ 1, 
and since n is odd and q is prime, it follows that q = 2 and n = 3 is prime, 
which is a contradiction. Thus we conclude that, if n is odd and not a prime, then 
7(G) >2 + \Un\ =l + 0(n)/2. 

Now suppose that G = A n with n even. For n — 4, 6, we have from [BU 
that j(A n ) = 2 = 1 + 4>{n)/2 (while 7(A 8 ) = 2 < 1 + 0(8)/2). Thus we may 
assume that n > 10. Let 8 be a basic set for G. By Lemma [5.21 (c), 8 properly 
contains {[Sk X S^-fc] Hv4 n : A; € Suppose that (5 contains a single additional 
subgroup, M say. Then M must contain permutations of each type not occurring 
in {[Sk x SVi-fc] nA n : /c € U n }. In particular M contains at least one permutation 
of each of the following types: [n/2, n/2], [1, n — 1] and [£1, . . . , € r ] with each £j even 
and r even. A maximal intransitive subgroup is of the form [Sk x S n -k] H A„ for 
some A: < n/2, so such a subgroup contains no permutation of type [n/2, n/2] G M. 
It follows that M is transitive. Since [1, n — 1] e M, we have that M is 2-transitive 
and hence primitive. By Lemma I3.7f b)fc). M contains no permutation of type 
[2,..., 2, 4], or of type [2,..., 2, 6], a contradiction. Thus j(A n ) > 2 + \U n \ = 
\ + 4>{n)/2. □ 

We finish this section by showing that minimal normal coverings almost always 
contain a transitive component. 

Corollary 5.4. If n > 3 and all components of a minimal normal covering of 
G = A n or S n are intransitive, then n = 4, G = A4 and the normal covering is 
generated by 8 = {A^, G2}. 

Proof. Suppose that 8 is a basic set generating a minimal normal covering of G = A n 
or S n with all components intransitive. Since for S n , and if n is odd also for 
A n , some component must contain an n-cycle, it follows that G = A n with n 
even. Without loss of generality we may assume that each H £ 8 is maximal by 
inclusion among the intransitive subgroups of G, that is to say each H is of the 
form H(i) := [Si x S n -i] n A n for some positive integer i < n/2. Consider types 
[i, n — i] with 1 < i < n/2. Since n is even, all permutations of these types are even 
and so lie in A n . If H £ 8 contained a permutation of type [i, n — i] and also one of 
type [j, n — j] with 1 < i < j • < n/2, then we would have H = H (i) = H(j), which 
is impossible since i < n/2 while n — j > n/2. Thus 8 contains distinct components 
for distinct types [i,n — i] with 1 < i < n/2, and hence 7(^4 n ) = \S\ > n/2. 
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However, by Proposition 14. 2\ j{A n ) < [^^-\ i an d it follows that n < 4. Thus 
n = 4 and G = A4. Since the only intransitive subgroups of A4 are contained in 
[Si x S 3 ] n A 4 = A 3 or in [5 2 x 5 2 ] n A 4 = G 2 , the only possibility is (5 = {A 3 , G 2 }. 
It is easily checked that this set 5 is a basic set. □ 

6. 3-CYCLE DECOMPOSITIONS AND INTRANSITIVE COMPONENTS 

Proposition 15.31 gave a generic lower bound for "f{S n ) when n is odd, and for 
j {A n ) when n is even. In this section we obtain similar general lower bounds for 
degrees n of the opposite parity. Thus we deal with G := S n for n even with n > 4, 
and G := A n for n odd with n > 5. Here types with three entries play an important 
role analogous to the role played by types with two entries in the previous section. 
We note that types with two entries are of no use in this new situation since no 
such type belongs to A n with n odd, and when n is even then all such types belong 
to A n and hence may contribute to only one basic component for S n . 

Recalling the definition of a{n) from ((SJ in Section [5] as the minimum positive 
integer which does not divide n, we define the following set of types: 

n — 1 

(7) T := {[i, {a{n) ~ l)i, n — a{n)i] : 1 < i < — — — and {i, n) = 1}. 

a{n) 

Note that the minimal n for which T ^ is n = 5. In the case where n is divisible 
by 6 and n > 12, we write n = 3m (so m > 4 is even), and consider also the 
following set of types, for certain intervals I C [1, ^) : 

(8) T'CO := {[m- i,m- 2i,m + 3i] : i G 7 and (i, n) = 1}. 

Since m is even, i € 7 implies that i < (m — 2)/2 and so m — i > m — 2i > 2. With 
only two exceptions in each case, the maximal proper subgroups of G containing 
permutations of any of these types turn out to be intransitive. 

Lemma 6.1. Let n > 5, let G = S n with n even, or G — A n with n odd, and let 
T,T'{I) be as in (J7J, (|SJ) where I C [1, Suppose that H is a maximal subgroup 
of G containing a permutation of type T , where either T e T, or n = (mod 6), 
n > 12, and T € T'{I). Then either H is intransitive or one of the following holds: 

(a) : n = 2 e + 1 > 5, T = [1, 1, 2 e - 1] G T, G - A n; and JJ = PTL 2 {2 e ) n G; 

(b) : n = (mod 6), and one 0/: 

(i) : n — 6, T — [1,3, 2] G T, G = S 6 , and H = S 3 l S 2 ; 

(ii) : n = 18, m = 6, i = 1, T = [5, 4, 9] G T'(J), and H = S 9 l S 2 ; or 
(Hi): n = 36, m = 12, i = 5, T = [7, 2, 27] G T'{I), and H = S 9 } Si. 

Proof. Let a := a{n) and suppose first that a G G is of type T = [i, (a— l)i, n — oi] G 
T. By (J7J, n— ai > 2 so, since a > 2, we have i < n/2. Let H be a maximal subgroup 
of G containing cr, and suppose that H is transitive. We claim that H ^ A n . This 
is true by assumption if n is odd. If n is even then i is odd and it follows that a has 
exactly one even length cycle, namely of length (a — l)i if a is odd, and of length 
n — ai if a is even. Hence a is an odd permutation, and since H 7^ S n we have 
i? ^ A„ in this case also. This proves the claim. 

Note that, by the definition of a in ([5]), a — 1 divides n. Thus, since {i,n) = 1 
we have (a — l,i) — 1. Also (i, n — ai) = (i, n) = 1, and 

((a — l)i, n — ai) = {{a — l)i, n — i) = (a — 1, n — i) = (a — 1, i) = 1. 
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Thus the permutation a^ a ~ 1 ^ 1 is an (n — ai)-cycle and we have n — ai > 2. Suppose 
that H is primitive. Since H ^ A n , by Lemmas 13. 4\ we get that H is (ai + l)-fold 
transitive. Since a > 2, we must have 3 < ai + 1 < 5 (see Theorem 4.11 in |C Aj ) . 
We consult the classification of the 2-transitive groups as given, for example, in 
Tables 7.3, 7.4 of [CAj . If H is 5-transitive then H = M12 or M24, but these cases 
do not arise since a(12) = a(24) = 5. Thus ai + 1 < 4. If ai + 1 = 4 then a = 3 
and n is even and not divisible by 3; however there are no 4-transitive groups of 
such a degree n not containing A n . Thus ai + 1 = 3, so a = 2, « = 1, and n is odd. 
Since rt is odd and n > 5, there are no affinc 3-transitivc groups. For the almost 
simple cases the 3-transitive possibilities of odd degree are H = PTL2(2 e ) n G with 
n = 2 e + 1, M11 and M23. The first family are examples as listed in (a), M\\ is 
excluded as it does not contain elements of order 9, and M23 is excluded as it does 
not contain elements of order 21. 

Thus we may assume that H is imprimitive, so H = [St I S c ] n G with n = be, 2 < 
6 < n/2. The condition (i,n — ai) = 1 implies that the three cycles of a cannot 
be all union of blocks and also that they cannot all meet the same set of blocks. 
Suppose that the (n — ai)-cycle of a is a union of blocks of size 6, while the i-cycle 
and the (a — l)i-cycle meet the same set of n/b — (n — ai) jb = (a/b)i blocks. Then 
b divides (n,n — ai) = (n,ai) = (n,a) < a, since a does not divide n, which gives 
a/6 > 1. It follows that the i-cycle meets more than i blocks, a contradiction. If the 
i-cycle of a is a union of blocks of size 6, while the (n — ai)-cycle and the (a — \)i- 
cycle meet the same set of c' = blocks, then c' divides (n — ai, (a — l)i) = 1, 
which gives the contradiction b = n — i > n/2. Finally if the (a — l)i-cycle of a is 
a union of blocks of size 6, while the (n — ai)-cycle and the z-cycle meet the same 
set of d = n ~( a ~ l } % blocks, then c' divides (n — ai, i) = 1, which gives 

b = n — (a — l)i = (n,n — (a — l)i) = (n, (a — l)i) = (n, a — 1) = a — 1 

and thus i = — 1 < IL ^- . This inequality is equivalent to n < a 2 — 2a + 1 = 
(a — l) 2 . Since n > 5, this implies that a > 4, and hence, by the definition of a, 
that 6 I n. If a = 4 we have n < (a — l) 2 = 9 and hence n = 6, b = 3, T = [1, 3, 2], 
and H = S3I S2, as in (b)(i). Thus we may assume that a > 5, and hence, by the 
definition of a, that 12 | n. If n = 12 then a — 5, b — 4 and i = 2, contradicting 
(i, 12) = 1. If n = 24 then a = 5, b = 4 and i = 5, contradicting i < 23/5. Thus 
n > 36, and Lemmas 12.61 and 12.71 apply giving a < p°(n) < y/n — 1. It follows that 
n < (^fn — 2) 2 = n + 4 — 4-^/n, which is a contradiction. 

Now suppose that n = 3m with m even, m > 4, and consider it e G = 5„ of type 
T = [m — i, m — 2i, m + 3i] G T'(I). Let -ff be a maximal subgroup of G containing 

a, and suppose that H is transitive. Here cr has exactly one even length cycle, 
namely of length m~2i (noting that m — 2i > 0), and so a is an odd permutation, 
and in particular H =/= A n . 

Note also that, since (i, n) = 1, m is even and i is odd, we have 

(m — i,m — 2i) = (to — i,i) — (to, i) = 1 
(9) (to — i,m + 3i) = (m — i,4i) — (m — i,i) = 1 

(m + 3«, to — 2i) = (hi, m — 2i) — (5, to — 2i) = 1 or 5. 

Thus the permutation a ( m - 2l )( m + 51 ) i s a n (m — i)-cycle and we have 2 < to — i < 
n/2. It follows from Lemma 13.31 that H is not primitive. Thus H = Sb I S c with 
n = be, b > 2, c > 2. Suppose that the (to — i)-cycle of a is a union of blocks of size 

b. Then b divides (n, to — i) = (3m, m — i) = (3, m — i), and hence b — 3 divides 
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m — i. By (|9|), 3 does not divide to — 2i or to + 3z, and so each of the remaining 
(T-cycles meets the same number of blocks, say d ', by Lemma 13.21 Thus d divides 
(m + 3i, m — 2i). Since b — 3 < m + 3i we must have c' > 1, and therefore © implies 
that c' = 5 and these c' blocks comprise 15 = be' = (m + 3i) + (to — 2i) = 2m + i 
points. Since 1 < i < m/2, this means that 2m < 15 < 5m/2, and hence to = 7, 
which is a contradiction since to is even. Thus the [m — z)-cycle of a is not a union 
of blocks. If it meets more than one block then, by Lemma 13.21 it must meet the 
same number of blocks as the cr-cycle of length to — 2i or to + 3i, and hence either 
(to — i, to — 2i) > 1 or (to — i, to + 3i) > 1, and neither of these holds by ©. Hence 
the (to — i)-cycle of a is a proper subset of a block, and this block must contain 
exactly one of the other cr-cycles. Hence b = (to — i) + (to — 2i) = 2to — 3i or 
6 = (to — i) + (to + 3i) = 2to + 2i. Since 6 < n/2 it follows that 6 = 2to — 3i, and 
the (to + 3z)-cycle is a union of blocks. Hence 

b = 2m — 3i = (2m — 3i,m + 3i) = (9i, m + 3i) = (9, to + 3z) which divides 9. 

Since some block is a union of two cr-cycles, if b = 3 we would have to— i = 2, m—2i = 
1 and hence to = 3, which is a contradiction since to is even. Hence 6 = 9, and 
since i = (2m — 9)/3 is an integer, it follows that 6 divides to. Moreover since 
1 < i < to/2, we have 6 < to < 18, whence either to = 6, i = 1, or m = 12, i = 5, 
and we have identified the two solutions in part (b). □ 



Our next result is most easily expressed using the notation introduced in Lemma f2.3 
namely, for an interval / C [0,n], 

4>{I; n) = \{i € N* : i€ /, and {i, n) = 1}| . 

Recall that, if the interval I has length |/| ~ cn, for some constant c, then by 
Lemma l2.3i <j)(I;n) ~ ccf)(n). 

Proposition 6.2. (a): Let G = S n with n even, n > A, and not divisible by 

3, or let G ~ A n with n odd, n > 5. Let a = 3 if n is even, and a = 2 if n 
is odd. Let I be the interval (1, 2=1) = (1, 2 e_1 ) if n = 2 e + 1 for some e, 
and otherwise let I = [1, TTien 

7(G) >^M + i „ 

2 2a 

(b): Lei n be divisible by 6, and let I = [1, §■) «/ 9 does not divide n, and 

1-18' 6- 



" ^ i/ 9 divides n. Then 



l(S n ) > 4>{I; n) + 1 



4>(n) 
9 



Proof, (a) For the values of n in this case, we note that the parameter a is equal 
to a(n), as defined in ([5]). If n < 6 the quantity </>(/; n) is zero, and </>(/; 7) = 1 so 
the asserted lower bound for 7(G) holds in these cases. Thus we may assume that 
n > 8. 

Let S be a basic set, with maximal components, generating a minimal normal 
covering of G. Let is/ such that (i, n) = 1, (so i>lifn = 2 e + l for some e). 
Then by Lemma 16. li S contains an intransitive subgroup, say H(i), containing a 
permutation of type Tj := [i, (a — n — ai]. 

Let U € S be intransitive. We claim that at most two of the types lj, with i e 7 
and (i, n) — 1, belong to U — [S c x S n - C ] n G for some c such that 1 < c < n/2. If 
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Ti belongs to U then {c, n — c} = {i, n — i}, or {ai, n — ai}, or n is even, a = 3 and 
{c, n — c} = {2i, n — 2i}. 

(i) : If {c, n — c} = {i,n — i}, then c = i € I, since n — i > n/2, and hence 
(c,n) = 1. 

(ii) : If a = 3 and {c, n — c} = {2i, n — 2i}, then either c = 2i or c = n — 2i, 
and for both possibilities (c, n) = 2. 

(iii) : If {c, n — c} = {ai,n — ai}, then either c = ai or c = n — ai, and for 
both possibilities (c, n) = 1; also we have a | c if c = ai while (c, a) = 1 if 
c = n — ai. 

Suppose first that n is odd and hence a = 2. If c is even, then either c = i G J in 
case (i) or c = 2% in case (iii), and so at most two of these types belongs to U (with 
two occurring only if c and c/2 both lie in /). If c is odd, then c = i or c = n — 2i 
are the only two possibilities (with both occurring only if c and (n — c) /2 both lie 
in I). Now suppose that n even with a = 3. If (c,n) > 1 then there are at most 
two possibilities, namely the ones in case (ii). If (c, n) — 1 then again there are at 
most two possibilities: c — i and either c — ii (if 3 divides c) or c = n — 3z (if 3 
does not divide c). Thus the claim is proved. 

Hence, in order to cover all the types Tj with i £ I and (i,n) = 1, we need at 
least <p(I; n) /2 intransitive basic components in S. Since we also need a transitive 
component to contain an n-cycle, we have \S\ > 1 + (f>(I;n)/2. That this lower 
bound satisfies the asymptotic property 1 + <j>(I;n)/2 ~ </>(n)/2a follows from 
Lemma 12.31 

(b) Suppose now that n = 3m with m even and m > 2, and that / = [1, m/3) 
if to is not divisible by 3, and / = [to/6, to/2) if 3 divides to. Let 8 be a basic 
set, with maximal components, generating a minimal normal covering of S n . Let 
i G I such that (i, n) = 1. Then by Lemma 16. 1[ 5 has a subgroup, say H(i), 
containing a permutation of type Tj := [to — i, to — 2i, m + 3i], and either i?(i) is 
intransitive or m,i,Ti, H(i) are as in parts (b) (ii) or (iii) of Lemma 16.11 We deal 
with the exceptional cases first. If to = 6 then / = [1,3) and <j)(I; 18) = 1; and if 
to, = 12 then I = [2, 6) and again <fi(I; 36) = 1. The inequality 7(<SVi) > 2 is clearly 
true in both cases. Thus we may assume that n ^ 18, 36 and hence that H{i) is 
intransitive. 

Let U be an intransitive subgroup in 8, so U — S c x S n - C with 1 < c < n/2 = 
3to/2. We claim that at most one of the types 7j in the previous paragraph belongs 
to U. If Ti belongs to U then {c, n — c} = {to — i, 2m + i}, or {to — 2i, 2to + 2i}, or 
{777, + 3i, 2777 — 3i}. We consider these possibilities first for i in [1, 777/2) (the union 
of the two possible intervals /) and (i,ri) = 1. Note that to is even, i is odd and 

(3,7) = 1. 

(i) : If {c, 77 — c} = {m — i, 2m + i}, then c — m — i since 2to + i > n/2, and 
hence c is odd and to/2 < c < to. 

(ii) : If {c, 77 — c} = {to — 2i, 2to + 2i}, then c = m — 2i since 2m + 2« > n/2, 
and hence c is even. 

(iii) : If {c, 77 — c} = {to + 3i, 2to — 3i}, then either c = to + 3i or c = 2to — 3i, 
and for both possibilities c is odd. 

If c is even then at most one type Ti is covered, namely i = (to — c)/2. So assume 
that c is odd which implies that case (ii) does not arise. Consider first the case 
where 3 divides m. Then / = [to/6 , to/2), and we have to + 3i > 3to/2 > c so in 
case (iii) only the second c-value may arise. Thus there is at most one type, as we 
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can only have c = 2m — 3i if 3 divides c, and we can only have c = m — i if 3 does 
not divide c. Finally assume that (to, 3) = 1 so that / = [l,m/3). Then c < to 
in case (i) and c > to for either of the possible c- values in case (iii) . Thus there is 
at most one type if c < to. If c > to then again we have at most one possibility: 
c = to + 3i if c = to (mod 3), and c = 2to — 3i if c = 2to (mod 3) (and since 
3 j to, the relations c = to (mod 3) and c = 2to (mod 3) cannot be both true). 
This completes the proof of the claim. 

Hence, in order to cover all the types Tj with i E I and (i,n) — 1, we need at 
least 4>(I; n) intransitive basic components in S. Since we also need a transitive 
component to contain an n-cycle, we have |<5| > 0(1; n) + 1, and by Lemma l2.3[ this 
lower bound satisfies </>(/; n) + 1 ~ <p(n)/%. □ 



We immediately obtain the following corollary to Proposition 16. 2 



71-1 * 



Corollary 6.3. Ifn is even, not divisible by 3, andn > 4, then setting I = [1, , ,. 

l(S n )>^ + l ~ 

2 b 

Ifn is odd and n > 5, then setting I' = (l,2 e_1 ) if n = 2 e + 1 for some e, and 
otherwise setting I' = [1, ^^-), we have 

</>(!' ;n) I iiSl + \ ifn^2e + lfor any e 

l\A n ) > h 1 — \ Mn) 

if n = 2 + 1 for some e. 




Proof. Everything follows immediately from Proposition l6. 21 except for the value of 
<j>{I'; n). Note that i e [1, with (i,n) = 1 if and only if n-i € (2±i,n— 1] with 
(n — i,n) — 1. Since (n ± l)/2 are both coprime to n, it follows that, if n ^ 2 e + 1 
for any e, then 0(n) = 20(1'; n) + 2. If n = 2 e + 1, then J' = (1, 2 e ~ 1 ), and since 
also 1 and n — 1 are coprime to n we have 4>(n) = 2(f>(I'; n) + 4 in this case. □ 



While the lower bound in Corollarv l6.3l is useful asymptotically, the result points 
to the possibly exceptional nature of integers of the form n = 2 e + 1. For such 
integers the subgroups PTL2(2 e ) may play a significant role for normal coverings 
of A n , especially for small n. By inspecting the ATLAS |AT] and using j(Ag) ^ 2 
from [BUj . we have the following. 



Example 6.4. Ag admits a minimal normal covering with basic set 

{[Si x S s ] n A 9 , H, K} where H = K = PTL 2 {8). 
In particular 7(Ag) = 3. 

Note that we need both the two non-conjugate copies of PI" '£2(8) m ^9 because 
each of them meets just one of the two Ag-conjugacy classes of 9-cycles (see |AT[ 
p.37]). 

7. Minimal normal coverings if at most two primes divide n 

We are now in position for a first explicit computation of the gamma function. 
Our first result deals with n prime. 

Proposition 7.1. For any prime p > 5 the group S p admits a unique minimal 
normal covering generated by the basic set 

S = {AGLx (p) « C p x <Vi, S k x 5 p _ fc : 2 < k < ^}. 
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In particular j(S p ) — ^o - • 

Proof. By Proposition [Ol j(S p ) > ^ = We claim that the set S in the 

statement generates a normal covering of S p . Note that, since p > 5, the subgroup 
AGLi(p) is a proper subgroup. Since |<5| = (p — l)/2, it will follow from this 
claim that ~f{S p ) — — ^j^- First we observe that AGLiijp) is a maximal 

subgroup of S p and contains both a p-cycle and a (p — l)-cycle. Consider now a 
type L = [£i, . . . ,£ r ] with r > 2, 1 < l\ < ■ ■ ■ < £ r and J^i ^% ~ V- Suppose first 
that r — 2. Since L = [l,p — 1] g AGLi(p), we may assume that £\ > 2, and thus 
2 < l\ < p/2. This means that L S Si 1 x Sp-ij which lies in 5. Now suppose that 
r > 3. If 7^ 1, then £i < p/3 < p/2 and hence L £ Se 1 x S'p-fj which lies in 
6. Suppose then that l x = 1, so that l 2 < (p - l)/(r - 1) < (p - l)/2. Thus if 
£2 > 2, then L € 6*^2 x 5 P _^ 2 which lies in <5. On the other hand if £2 = 1, then 
L = [1, 1, £3, ... , 4-] G S*2 x ^-2, which lies in S. 

Now we prove the uniqueness of the normal covering. Let /x be any minimal 
basic set for S p . Then = (p — l)/2 and, by Lemma \5l2\ 

fi = {H, S k xS p - k : 2 < k < (p - l)/2} 

for some proper subgroup H which must contain the types [p] , [1 , p— 1] . In particular 
H contains an odd permutation so H ^ A n . It follows that H is 2-transitive and 
contains a regular cycle which, by Lemma |3~51 gives the two choices H = AGL 1 (p) 
or PGL<i(q) < H < PTL^q) with p = q q ~^ . In the second case, by Lemma [3.81 
we have d = 2, so p = q + 1, and either q is prime or (q, H) = (4, i-TL2(4)). The 
former case is impossible as q = p — 1>4 and is even so cannot be prime, and the 
latter case is impossible since it would imply H — G. It follows that H = AGLi(p) 
and fj, = S. □ 

Remark 7.2. We do not know the exact value of j(A p ) for p prime. Proposition l4.2l 
gives an upper bound j(A p ) < [^y^J , while Corollary 16.31 gives the lower bound 
7(^4p) > T^x^l when p is not a Fermat prime and 7(^4 P ) > = 2 e ~ 2 when 

p = 2 e + 1 is a Fermat prime. An analysis of An shows that the upper bound is 
sometimes sharp, but in other cases the upper bound is not attained, the smallest 
example being 7(^7) = 2 = [|] < [_xJ ( see Table [3J . In fact for A 7 the lower 
bound is attained. 

Example 7.3. The group An admits a minimal normal covering with basic set 

5 = {A 10 , [S 2 x S 9 ] n A u , [S 3 x S 8 ] n A n , M n }. 
In particular 7(^11) = 4. 

Proof. Let 5 be a basic set for a minimal normal covering of An- Without loss of 
generality we may assume that all subgroups in S are maximal in An- Since the 
two conjugacy classes of subgroups Mn are the only transitive maximal subgroups, 
and since some basic component M contains an 11-cycle, we may assume that 
M = M11 € 5 (for one of the Mn-classes). Also, by Lemma lOl each of the following 
types belongs to an intransitive basic component: [1,1,9], [2,2,7], [3,3,5], [4,4,3]. 
By Corollarv l6.3l and Proposition ^. 21 \S\ — 3 or 4 and we must prove it is 4. 

Suppose to the contrary that |<5| = 3. If [S 2 x S9] n An 8, then the only 
intransitive maximal subgroups containing types [1,1,9] and [2,2,7] are A\q and 
[S4 x St] n An respectively, so we may assume that both lie in 6 and the remaining 
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component is M. However then no component contains the type [3,3,5]. Thus 
M, [S2 x Sg] n An € S. Similarly if [S3 x 5s] n An g 5, then the only intransitive 
basic component containing [3, 3, 5] is [S5 x Se] flAn so this subgroup lies in 5; but 
then there is no component containing [4, 4, 3]. Thus 

6 = {[S 2 x Sg] n An, [S 3 x S 8 ] n A n , M u }. 

Since Mn does not contain elements of order 12, no component in d contains a 
permutation of type [1,4,6], a contradiction. 

Thus j(An) = 4 and the normal covering described in Proposition l4.2l with basic 
set S = {A w , [S 2 x Sg] n An, [S3 x Sg] n An, Mn} is a minimal normal covering 
for An. □ 



The case of prime degree allows us to understand that the difference between 
7 (S„) and "f(A n ) is unbounded. 

Corollary 7.4. 

limsup [ 7 (S„) - j(A n )} = +00. 

n— >+oo 

Proof. Let p be a prime, with p > 5. Then, by Proposition 17.11 we have 7 (S P ) = 
(p-l)/2 while by Propositioni^l 7 (A p ) < (p+3)/3. It follows that 7 (Sp)- 7 (Ap) > 
(p — l)/2 — (p + 3)/3 = (p — 9)/6 which tends to +00 as p tends to +00. □ 

Next we consider prime powers. 

Proposition 7.5. Let n = p a , with p prime and a > 2, and let 

p a 

S = {S p I S p a-i, Sk x Sp^-k ■ 1 < k < — , p\ k} and 
&A n = {[S p lS pa -i]nA n , [S k x S>-fc] nA n ■ l<k <^-, p\k}. 

(a) : The sets S,Sa„ are basic sets for S n , A n respectively; S is minimal if p is 
odd, while 5a„ is minimal if p = 2 and n 7^ 8. 

(b) : 7 (V) = !&p. + 1 if p ls odd , and ^t 2 - < 7 (S 2Q ) < 2«~ 2 + 1. 

(c) : j(Apa) < i 4- 1 loit/j equality if p = 2 and n 7^ 8; and 7 (Ag) = 2. 

Proof. First we consider the set o\ The group H = S p I S pa -i contains a p "-cycle 
as well as permutations of all types [Hi, ... , £ r ] for which each 1$ is divisible by p. 
Next consider a type [k,n — k] with k < n/2 and p\k. Note that we cannot have 
k = n — k = n/2 since this would imply n, k,p all even and hence p — 2 would divide 
k. Hence [k, n — k] belongs to Sk x S p c*^ k € 0". Now consider a type L = [£1, . . . ,£ r ] 
with r > 3, 2l=i^i = P Q i eacn ^ 1j an d say p \ li- Since £1 = p a — Xh=2^ 
there is a second length, say £2, coprime to p. Since £1 + £2 < n, at least one of £1 
and £2, say £1, is less than n/2. Therefore L £ Si 1 x S p c*_£ 1 in S. Thus <5 generates 
a normal covering for S> and so 7 (S>) < ^T 1 + L If 

p is odd then equality 

holds by Proposition I5.3f a). If f> = 2 and a > 3, then by Proposition I6.2f a). 
7 (S 2 c) > 1 + 0(1; 2 Q )/2, where I = [1, ^1). Now cf>(I; 2 a ) is the number of odd 
positive integers less than 2 ~ x , and this number is at least 2 ~ 4 . It follows that 
7 (S 2 a) > - — 3-^7 which is trivially true also when a — 2. The assertions in (b) arc 
now proved. 
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Since 8 does not involve A n , by intersection, we get a normal covering for A n , 
so j (A n ) < 1 + <f>(n)/2. If n — 2 a > 16 then Sa„ is minimal by Proposition 15. 3f b). 
This is also true for n — 4 but fails for n — 8 since j(Ag ) = 2 (see |BU] ). □ 

Observe that, by Proposition I7.5f c). it follows that the upper bound j(A n ) < 
L~pJ given in Proposition 14.21 cannot be improved for general even n. Also, as 
noted in the proof above, the equality 7(^2°) = 2"~ 2 + 1 fails when a = 3. In that 
case 

{AGL 3 (2), [S 3 x S 5 ]nA 8 } 

is a basic set for A s . There are two non-conjugate copies of AGL 3 (2) in Ag and 
either can be used to get a normal covering. 

We now move on to the case where n is a product of two distinct primes. 

Proposition 7.6. Let n = pq with p, q primes and p < q, and let 

6(A) = {A, S k x S n - k : 1 < k < n/2, p, q \ k] 

where A = S p I S q or A — S q I S p . 

(a) : Then, for each A, 6(A) is a basic set for S pq ; and 5(A) is minimal if p 
is odd. Also by intersection, each 5(A) gives a basic set for A pq which is 
minimal if p = 2. 

(b) : 7 (S P9 ) ^ + H/p is odd, and 7 (S 29 ) < ^ + 1 = *±i. 

(c) : -f(A 2q ) - a±i, and 7 (A pq ) < + 1 if p is odd. 

Proof. Let 5 = 5(A) with A = S p lS q or A — S q lS p . Then A contains permutations 
of any type . . . , l r ] such that either each li is divisible by p, or each li is divisible 
by q. Consider first permutations of type L — [k, n — k] with 1 < k < n/2. If 
(k, n) 1, then L belongs to A, since either p or q divides both of k and n — k. If 
(k, n) = 1, then k 7^ n/2 and L belongs to Sk X S n -k € 5. 

Now consider a type L — . . . ,£ r ] with r > 3, each £4 > 1, ^i=i ^ — n - I 1 
some is coprime to n, then n — £i is also coprime to n and some A: € {1%, n — £i} is 
less than n/2; in this case L belongs to Sk X Sn^/c € 5. Assume now that (•£,-, n) 7^ 1 
for all z = 1 , . . . , r. Then for every i we have p \ £i or 5 | li , but not both since 
£i < n = pq. We claim: if 5 does not divide tj, for some j, then p divides all the 
£i. To prove this, write L as [pa\, . . . ,pa s , qb s+ \, . . . , qb r ] with all at, bj > 1 and 
with s > 1. Then pq = pa + qb, where a := > and 6 := X)[=s+i ^- This 

implies that q \ a and p | 6, and we therefore have a/q + b/p = 1, with a/q, b/p 
non-negative integers, which means that one is and the other is 1 . Since a > we 
conclude that 6 = 0, that is, all entries are divisible by p. Thus the claim is proved, 
and as we observed in the previous paragraph, each such type L belongs to A G 5. 

Thus 6 generates a normal covering, and in particular j(S pq ) < ^ + 1. Since 
the basic set 5 of S pq does not involve A pq , by intersection we get also a basic set 
for A pq and hence "/(Apq) < + 1. If p, and hence n is odd, then by Proposition 
I5.3r a') it follows that ^(Spg) — ^|2i + 1, and 5 is minimal. If p = 2, and hence 
n is even, then we have 7(^2^) < [ 2g 4 f4 j = and the reverse inequality holds 
by Proposition 15.3( b). Thus the normal covering generated by 5 by intersection is 
minimal. □ 



The upper bound for 7(S f 2p ) given in Proposition I7.6f b) cannot be improved in 
general as the following example shows. 
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Example 7.7. The normal covering of Sio with basic set 

8:={S 2 lS 5 , S 3 xS 7 , S 9 } 

is minimal normal and produces, by intersection, a minimal normal covering for 
Aiq. In particular 7(<Sio) = 7(^10) = 3. 

Proof. By Proposition I5.3f a~l . 7(510) > 3 and by Proposition I7.6lf b) we have also 
7 (£10) < 3. Thus 7(5io) = 3 and it is easily checked that the given set 8 gener- 
ates a normal covering of Siq. Thus 8 is minimal, and as its basic components 
are maximal and do not involve A10, it follows that its intersection with A±q pro- 
duces a normal covering of Aiq. That this normal covering is minimal follows from 
Proposition 15.3( b). □ 

Finally we consider the general case in which n has just two prime divisors, but 
is not a product of two primes. 

Proposition 7.8. Let n = p a q@ with p, q primes such that p < q, and with a, (3 
positive integers such that (a,/?) 7^ (1)1)- Then 

(a) : 8 = {S p lS n / p , S q lS n/q , S k x.S n - k : 1 < k < n/2, p\k, q\k] generates 
a normal covering for S n , which is minimal if n is odd. The intersection 
of 8 with A n generates a normal covering of A n , which is minimal if n is 
even. 

(b) : y(S p a„p) < ^ p 2 q + 2, with equality if p is odd. 

(c) : "f(A p c q fi) < — 2 q ^ + 2, with equality if p = 2. 

Proof. First we show that 8 is a basic set for S n . We consider all types L = 
[£\, ...,£ r ] with each £i > 1, r > 1, and Yn=i &i = n - K each £i is divisible by p 
then L G S p l S n / p in 8, and if each £i is divisible by q then L G S q I S n / q in 8. In 
particular 8 covers the n-cycles. So we may take r > 2. If some li is coprime to 
n, then li ^ n/2 and n — li is coprime to n, so L € Si t x S n ^£ i in 8. Thus we 
may assume that (n,£i) > 1 for all i, and that there are distinct £j such that 
p \ £i and q \ £j. This implies that p \ £j and q \ £ i} and hence that £i + lj is not 
divisible by either p or q, so that (li + £j, n) = 1. In particular £i + lj 7^ n/2, so 
L G Si i +i j x S n -£i-£j in 8. Therefore 8 is a basic set for S n , and since 8 does not 
involve A n , by Lemma R~T1 the intersection of 8 with A n is a basic set for A n . Thus 
l(S n ) <^+2, and 7 (A„) < + 2. 

Case: 5 n with p odd: By Proposition 15.3( a). 7(S , n ) > + 1- Suppose for a 
contradiction, that "f(S n ) = + 1, and let 8' be a minimal basic set for S n . For 
1 < fe < 7Z./2 set Bk := S k X S n -k- It follows from Lemma [5.21 that <5' contains 
{Sfe I 1 < fc < n/2, p f fc, q | fc}. Let M, K be the other two members of 8'. We 
may assume that M and -ftT are both maximal subgroups of S n . Then the types 
[71], [n — 1, 1] and each type L = . . . ,£ r ] with either each li divisible by p, or 
each li divisible by q, must belong to M or K (or both). 

We claim that A n 8'. Suppose to the contrary that M = A n . Since [n— 1, 1] is 
an odd permutation, it must lie in K. Since K is maximal it is SVi-i (if intransitive) 
or is 2-transitive (if transitive) . Now a permutation a of type [p, . . . ,p, 2p] is an odd 
permutation and therefore does not lie in A n ; a has no fixed points and therefore 
does not lie in S n -i; and by Lemma [3.7( a). a does not lie in a primitive proper 
subgroup (and hence does not lie in a 2-transitive proper subgroup). This is a 
contradiction since the type [p, . . . ,p, 2p] must belong to M or K. Thus A n £ 8'. 



COVERING SYMMETRIC ALTERNATING 



25 



Suppose next that both [n] and [n — 1, 1] belong to the same subgroup in 5' , say 
M. By Lemma T3. 51 and the maximality of M it follows that M = PTLd(s) acting 
oiiti= (s — l)/(s — 1) points or hyperplanes. Then by Lemma l3.8[ d = 2 and, since 
n ^ 5, then s is a prime. Thus n = s + 1, with n odd, whence n = 3, which is a 
contradiction. Thus we may assume that [n] £ M and [n — 1, 1] G K. In particular 
M is transitive, and either if = 5Vi-i or if is 2-transitive. 

Suppose that M is primitive. Then by Lemma 13.71 [p, . . . ,p, 2p] does not belong 
to M, and hence must belong to if. This means that, on the one hand, K is not 
primitive (by Lemma 13.71 again) . and on the other hand K ^ S n -\ (since the type 
[p, . . . , p, 2p] has no fixed points). This is a contradiction, and so M is imprimitive. 
Thus M = S a l Sb for some a > 1, b > 1 with n = ab. 

We prove next that K is 2-transitive. If not then K — S n -i, so K does not 
contain permutations of types [p, n — p] or [q, n — q] and so both types belong to M. 
Then, by Lemma l3.2l and the facts that (p, n — p) — p and (q, n — q) = q, it follows 
that {a, 6} = {p, q}. This implies that n = pg, which is a contradiction. Thus K is 
2-transitive. 

Now consider the types [2p, n — 2p] and [2q, n — 2q\. Since n — 2p, n — 2q are odd, 
we have (2p, n — 2p) = p and (2q, n — 2q) = q, and the argument of the previous 
paragraph shows that the types cannot both belong to M. Thus K contains an 
element a of type [2s, n — 2s] for some s € {p, q}. Since (2s, n — 2s) — s, the element 
a n-2s j g a p roc [uct of s transpositions and so fi(K) < 2s. However /i(if ) > n/3 by 
Lemma l3.6[ and hence n/s < 6. This is a contradiction since n/s is a product of 
at least two odd primes (since a + (3 > 3). Hence 7(<S' n ) = + 2 if p is odd. 

Case: A n with p — 2: Since a + f3 > 3 we have n > 12. Thus by Proposition 
15.3T b) . j(A n ) > + 1. Suppose for a contradiction, that 7(A n ) = + 1, and 
let 5' be a minimal basic set for A n . For 1 < k < n/2 set B' k := [Sk x S'n-fe] n A n . 
It follows from Lemma [5.21 that S' contains {B' k \ 1 < k < n/2, 2 \ k, q j fc}. Let 
M,K be the other two members of 6'. We may assume that M and K are both 
maximal subgroups of A n . Then the type [n — 1,1] and each type L — . . . , l r ] 
with an even number of the li even, and either each li divisible by q, or each £i 
even, must belong to M or K (or both). 

Suppose without loss of generality that [n — 1, 1] G K. Then, by maximality, 
either K = A n -\ or K is 2-transitive. Suppose first that K — A n _\, Then the 
type [2,..., 2, 4] (if 4 does not divide n) or [2,..., 2, 6] (if 4 divides n) belongs 
to M, and it follows from Lemma 13.71 that M is not primitive. Also the types 
[2, n — 2], [4, n — 4] £ M and it follows first that M must be transitive (and hence 
imprimitive), and then that M = [S2I S n / 2 ] n A n or M — [S n / 2 I S2] H A„. Finally 
the type [q, n — q] £ M, and by Lemma 13.21 this is only possible if n — 2q, which is 
a contradiction. Thus the group K must be 2-transitive. Now K is not an affinc 
group since n is not a prime power, and hence K is an almost simple 2-transitive 
group by Burnside's Theorem |DM[ Theorem 4. IB]. 

Suppose next that the stabiliser K n of the point n £ Q is primitive on the set 
{l,2,...,n — 1}. Then, since K n contains an (n — l)-cycle and K n ^ A n —i, it 
follows from Lemma 13.51 that one of the following holds (we use n = 2 a q l3 with 
a + f3 > 3, and we use the table of almost simple 2-transitive groups [CA( page 
197]): " 

(i): K n < AGL\(r) with n — 1 = r prime, and hence K = PSL-2(r) or 
PGL%{r) (by the classification of Zassenhaus groups [U Theorem 11.16]); 
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(ii) : PGLd{r) < K n < PTLd{r) with n — 1 = T r _ 1 1 , but in this case there is 
no possible 3-transitive almost simple group K of even degree n = 2 a qP = 
1 + (r d - l)/(r - 1) with a + j3 > 3; 

(iii) : K — Mn, M12 or M24 with n = 12, 12 or 24 respectively. 

Suppose first that n = 12. Then by maximality, K — M12, so (5' = {B5 = [Sfe x SV]D 
A 12 ,M 12 ,M}. Now M12 contains no element of type [3,9], [2,2,2,6], [1,1,1,9], 
or [1,1,1,1,8] (see |ATj V and it follows that all of these types belong to M, as 
they do not belong to B' 5 . Thus M is transitive, and by Lemma [3.71 M must be 
imprimitive. The only maximal imprimitive groups containing the type [3,9] are 
M = [S3 I £4] n A12 and M = [Si I S3} n A 12 . The former does not have elements of 
type [1,1,1,1,8], while the latter does not have elements of type [1,1,1,9]. Thus 
n > 12. 

In case (i) above, K has minimum degree n — 2, and hence, since n > 12 and 
n > 2q, K does not contain the types [4, n — A] , [6, n — 6] , or [q, n—q}. Thus all these 
types belong to M and it follows that M is transitive. By Lemma [3 .7) the types 
[2, . . . , 2, 4] and [2, . . . , 2, 6] do not belong to K and hence one of them belongs to 
M, and a further application of Lemma |3 . 71 shows that M is imprimitive. The only 
maximal imprimitive groups containing the type [q, n — q] are M = [S q I S n / q ] D A n 
and M = [S n / q I S q ] n A n (by Lemma |3"T2")) . Thus one of these groups must contain 
an element of type [4, n — 4], and this is only possible if n = Aq. However this 
implies that neither of these groups has elements of type [6, n — 6] since n > 12. 
Thus (i) does not hold for K. 

This leaves n = 24, K = M24 in case (iii). In this case the types [9, 15], [10, 14], 
[2,..., 2, 6] do not belong to K and hence must belong to M. In particular M 
is transitive, and by Lemma 13.71 M is imprimitive. However the only maximal 
imprimitive subgroup M = [S a I Sb] n A 2 4 containing type [9, 15] has {a, b} = {3, 8} 
while the only one containing type [10, 14] has {a, b} = {2, 12}. Thus we reach a 
contradiction. 

We conclude that K n is imprimitive on {1, 2, . . . , n — 1}. In particular n — 1 is 
not prime. Hence n 7^ 12, 18, 20 or 24, so n — 2 a q@ > 28. Note also that, since 
K is 2-transitive, its minimal degree fi(K) > n/3 by Theorem 13.61 If the type 
[2,n — 2] £ K, then K n would contain a permutation of type [1, 1, -^-j^, ^i^] and 
this would force K n to be primitive on {1, 2, . . . , n — 1}, which is a contradiction. 
Thus [2,n-2]gK and so [2, n - 2} € M. Also the type [2, . . . , 2, 4] (if 4 does not 
divide n) or [2, . . . , 2, 6] (if 4 divides n) does not belong to K by Lemma |3~T1 and 
hence belongs to M which implies (again by Lemma T3.7P that M is not primitive. 
The only possibilities for M are therefore M = [5 2 X S„- 2 ] H A n , [S n / 2 I S 2 ] H A n 
and [S 2 I S n/2 ] n An. 

Thus for each odd integer a < n/q such that a ^ n/ (2q), we have n — aq > q > 2 
and aq ^ n/2 and so, by Lemma [3.21 the type [aq,n — aq] does not lie in any of 
the possibilities for M. Hence K contains an element g of this type. Suppose first 
that q = 3. Then n = 2 Q 3 /3 > 36 (since n > 28) and we may choose a = 5. Then 
(5, n— bq) — 1 so g n ~ a i — g"~ 15 moves exactly 15 points, and so 15 > n{K) > n/3 
by Theorem 13.61 This implies that n = 36. By |CA1 page 197] the only possibility 
for K is Spe(2), but this group has no element of order n— 1 = 35 (see |ATj ). Thus 
q > 5 and, since n> Aq and 3 does not divide n, we may choose a = 3. In this case 
(3, n — 3q) — 1 so g n ~ aq = g n ~ 3 i moves exactly 3q points, and so 3q > (i(K) > n/3 
by Theorem 13.61 This implies that n = Aq or 8q since q > 5. By |CA1 page 197] the 
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possible groups are the following, and we use information about these groups from 

m- 

(i) : n = 4x7 = 28,if = PTL 2 (S), Sp 6 {2), or £7 3 (3), but none of these groups 
contains an element of order 27; 

(ii) : n — 8 x 43 = 344, K — Us(7), but K contains no element of order 343; 

(iii) : n = 8 x 17 = 136, K = Sp&{2), but K contains no element of order 135; 

(iv) : n = I ^fy-, PSL d (r) <K< PTL d (r) n A n . Since K contains an [n - 1)- 
cycle, by Lemma 13.81 we get that d — 2 and r is a prime (since n / 5). 
It follows that K < PGL 2 (r) and then fj,(K) > fi(PGL 2 (r)) = n - 2. 
Therefore 3q > n ~ 2 > Aq — 2, which is a contradiction. 

Thus if n is even then j(A n ) = ^ + 2. □ 

Proposition l7. 81 gives exact values of 7 for many small alternating and symmetric 
groups and a sample of such values is given in Example 17.91 Moreover, although 
Proposition 17.81 does not determine the exact 7-value in the case of symmetric 
groups with n of the form 2 a qP , it is possible to find this for some small even values 
of n. We do this for n — 12 below. 

Examples 7.9. 7(^5) = 8, 7 (5 75 ) = 22 , 7 (S 63 ) = 11, 7(A 18 ) = 5, j{A 20 ) - 
6, 7 (v4 36 ) = 8, 7(^44) = 12. 

Corollary 7.10. 7 (Si 2 ) = 7 (A 12 ) = 4. 

Proof. By Proposition ES 7(^12) = 4 and 7(512) < 4, and moreover, by [BBHj . 
7(^12) ^ 3. Assume now that 7(6*12) = 3, and let S be a basic set for a minimal 
normal covering. Then S must contain j4i 2 as otherwise, by intersection, we would 
get a 3-normal covering for ^4i2 contradicting 7(^12) = 4. Since A12 does not 
contain 12-cycles, we may assume that 5 = {A12, H, K} for some subgroups K, H 
maximal in S12 and K transitive. 

By Lemma l6.1[ H must be an intransitive subgroup containing a permutation of 
type [1,4,7] and a permutation of type [3,2,7], and hence H — S5 x S7. Since no 
permutation of type [1,2,9] belongs to A12 or to S5 x S7 we must have [1,2,9] G 
K. Then a 9 € K is a transposition and, from Lemma 13 . 31 it follows that K is 
imprimitive. The only imprimitive maximal subgroups of S12 containing [1, 2, 9] arc 
conjugate to S3 I S4 and thus S — {Ai 2 , Sg x S7, I S4}. However, no component 
in this set S contains the type [1, 3, 8]. □ 
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